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ABSTRACT

The purpose of this thesis is to provide confidence for the designer that a concept of a

future space-based telescope will meet its very stringent requirements. More specifically,

our goal is to predict the amount of uncertainty in the performance prediction made

through out the design process. Also, given a statistical database for structural uncertainty,

the methodology presented will establish the probability of success of a particular archi-

tecture. 

The traditional design process starts by evaluating and comparing the performance of dif-

ferent concepts by using simplified structural and disturbance models. As the process

progresses the different solutions are evaluated and the most promising concept is retained

and refined. Later on, some preliminary structural testing is performed, and the finite ele-

ment model is updated to reflect the reality more accurately. Eventually, when the design

process approach completion and is moving toward production, most of the structural ele-

ments have been tested, and the performance predictions of the model should converge to

the actual system performance.

Large flexible space structures present a problem in using this approach because they are

often too flexible to support their own weight and/or too large to fit inside any laboratory

facilities to be tested fully assembled. For example, it would be impractical to test the

whole assembly of the International Space Station or SIM on the ground. Also, during the

preliminary design phase, no test data are available to update the models. Nevertheless,

even when the model is very mature and has been updated after experimental testing, a

discrepancy remains between the predicted and actual performance of the system. These

uncertainties are due to various sources of variability in the system: variable noises

(sources and levels), testing conditions and environmental factors, assembly/reassembly,

shipset, disturbance levels, and others. How then, can we have confidence that a particular

concept will meet the requirements if the only tool we have are finite element models that

may not be accurate? The solution is to try to estimate the range of uncertainty around our
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nominal model performances. Since in the early design phase no test data are available,

our best bet will be to use past experience to predict the expected uncertainty range on the

performances of a new design. 

Using sensitivity information and statistical uncertainties from the literature (i.e.: modal

mass and stiffness parameters uncertainties [Hasselman & Chrostowski, 1991], as well as

modal damping ratios uncertainties [Simonian, 1987]), we demonstrate with different

techniques how to obtain estimates of the performance predictions uncertainty ranges. We

also obtain the probability distribution function of the performance of the system and use

it to deduce its “probability of success” (i.e. the probability that once built the actual struc-

ture will satisfy the performance requirements). This last result, which can be obtained

without too much computation, has a great useful potential and might become an integral

design step for high performance controlled structures as it promises to help build confi-

dence in the model predictions and could be used in the so called error budgeting phase.

The techniques are demonstrated on a 2 degree-of-freedom sample case and on a more

realistic system: the Space Interferometer Mission (SIM) Calssic model. 
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Chapter 1

INTRODUCTION

1.1  Background

The National Aeronautics and Space Administration (NASA) is currently developing the

next generation of space based observatories, which are poised to succeed the Hubble

Space Telescope (HST) within a decade. They are expected to provide orders of magni-

tude improvement in angular resolution, spectral resolution and sensitivity. Figure 1

shows a representation of the Space Interferometry Mission (SIM), scheduled for launch

in 2006, and the Next Generation Space Telescope (NGST) which is planned for 2009.

Motivated by the work done in the past on Large Space Structures (LSS), such as the

NASA Voyager spacecraft (1977) and Hubble Space Telescope (1990), the next genera-

tion of space-based observatories will require breakthrough technology and unprecedented

control performance to meet the very stringent stability criterion required by their science

instruments. Elements of the optical train on these large space telescopes will have to

maintain relative stability to within a fraction of a wavelength of light [Joshi, 1999]. For

example, SIM consists of a series of light collectors and other optical elements placed on

top of a flexible light space structure of 10m span. Such a configuration will nearly

approximate the light-gathering capability of a single continuous 10-m diameter telescope.

Optical elements on the structure will have to maintain relative positions and orientations

to within a few nanometers. For reference, 1 nanometer (10-9 meters) corresponds to about

15 hydrogen atoms1 lined up side by side. Furthermore, such extreme requirements must
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be met despite the presence of external and internal disturbances such as reaction wheel

disturbances, solar pressure, thermally induced microdynamics (snaps or creaks), and

other mechanical and electronic disturbance sources.

Although the design process is an iterative procedure, critical design decisions must some-

times be made at an early stage. Typically, these early decisions are made based on simpli-

fied models and simulations. Before committing too many resources to a particular

architecture, it is paramount to validate these models through integrated analysis. The per-

formance assessment techniques of a system are mostly based on structural finite element

modeling to which disturbance models and optical sensitivity matrices are appended

[Gutierrez, 1999]. These techniques are not perfectly accurate. Modal frequency predic-

tions can be 5 to 10 percent off when compared to the actual test data. This error is com-

pounded by the fact that the available disturbance models are uncertain. The performance

predictions yielded by current state-of-the-art modeling techniques are thus held in doubt.

The central question addressed by this research is how to use preliminary design models,

which we know are not very accurate, to build confidence that a given preliminary design

will meet the stringent performance requirements. It is important to have a means to judge

1. Note: the radius of the hydrogen atom is 30 pm [DMK/DPK, 1984]

SIM-2006
NGST-2009

Faint Star Interferometer
Precision Astrometry

Lightweight 8m-Optics
IR Deep Field Observations 
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the size of the errors made by the model. This entails the evaluation of uncertainty bounds

around the nominal performance prediction to make sure that the system will effectively

meet the requirements. Furthermore, the controller must remain stable and still meet the

requirements in the presence of the plant uncertainties.   

1.2  Thesis Research Objectives 

The fundamental objective of this research is to assess the amount of uncertainty in the

performance predictions of the current state of the art modeling technology in order to

reduce the level of risk and to assure suitable flight performance for space-based tele-

scopes.

There are two compelling reasons for conducting an uncertainty analysis early in the

design of a complex, integrated opto-mechanical system. The first reason is related to con-

trol design. Since it will not be possible to test the next generation of Large Space Struc-

tures (LSS) fully in the 0-g or microgravity operating environment, it will be necessary to

design the operating software and the control systems based on 1-g component and scaled

tests, and on full-scale modeling and simulation. The uncertainty of the structural behavior

of the system needs to be taken into account. It is well known in the field of robust control

design that there is an inherent trade-off between a controller’s robustness to uncertainty

and the achievable disturbance rejection or tracking capability. Thus, performing a rigor-

ous uncertainty analysis on the system will provide the engineer useful uncertainty bounds

for controller design. If uncertainty is overestimated, resulting controllers might not suc-

ceed in meeting the performance requirements. On the other hand, if the uncertainties are

underestimated, what seems to be a good controller on paper might not satisfy the target

performance or might even become unstable once implemented on the real structure

[Joshi, 1999]. In applying multivariable robust control techniques to linear, time-invariant

systems, a particular set of plant models described by a nominal model, uncertainty struc-

ture, and norm bounds on the model uncertainty and exogenous input is required a priori

(for example, see the -Synthesis Toolbox in [Balas & al., 1994]). In typical setting, aµ
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controls engineer selects or develops a best possible model either from first principles and/

or from system identification or parameter estimation. In situations where the physical

conditions are either not accurately known or not reliable, the engineer selects a model

uncertainty structure around a best possible nominal model to represent a set of plant mod-

els so that the robustness of the system can be analyzed and optimized through feedback

control, [Lim & Giesy, 2000]. Where measurements are available, the engineer can check

to see if the given set of plants is consistent with the available measurement data. The lack

of such measurements is the source of the performance prediction problem. 

The second reason for conducting an uncertainty analysis is related to performance predic-

tion. It is essential that not only the nominal dynamics and controls performance (e.g.

RMS line-of-sight jitter) of the spacecraft be predicted, but that reasonable error bounds

be placed on the nominal performance values. Alternatively the uncertainty analysis

should provide the likelihood of achieving a required RMS performance, given an inte-

grated model of the system and reasonable uncertainty bounds on the structural parame-

ters. Performance predictions using integrated models (multidisciplinary) are somewhat

uncertain due to modeling approximations and assumptions, components uncertainties,

model reduction, and discretization. As a result, system designers tend to over-design sys-

tem components to account for these uncertainties. Such overly conservative design deci-

sions (e.g.: stiffer structure, less noisy sensors, smoother optical surfaces -- all more than

necessary) lead to overly expensive systems [Joshi, 1999]. It is, therefore, necessary to

have a method to predict the uncertainty bounds around the nominal performance predic-

tions in order to assess the suitability of a particular system concept that will then meet the

performance requirements. 

The problem can be summarized as follows. Given a model of the plant G(s), the control-

ler K(s) and an uncertainty database, we want to know if the system is stable, and is per-

forming well within the required uncertainty bounds. Specifically, this thesis should

answer the following questions:
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1. What are the different methods for propagating uncertainty in the structural
parameters of the system to the opto-mechanical performance metrics of
interest?

2. How can mass, stiffness and uncertainty database information from previous
ground- and test- flight experience be used and updated in the most effective
way?

3. What is the probability (likelihood) that a system will meet the required per-
formance (expressed as an RMS metric) level given uncertainty bounds?

4. How do the propagation methods used in 1) make the answers more or less
conservative?

5. What are the key numerical and computational challenges in implementing a
structural uncertainty algorithm for large order integrated models such as
SIM or NGST?

1.3  Uncertainty Analysis and the DOCS-Framework

A Dynamics-Optics-Controls-Structures (DOCS) framework is being developed at the

M.I.T. Space Systems Laboratory in support of integrated modeling and simulation of spa-

ceborne telescopes during the conceptual and preliminary design phase. This subsection

explains the main features of the DOCS framework and how the uncertainty analysis is

embedded in it.
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The DOCS (Dynamics-Optics-Controls-Structures) framework discussed here is a power-

ful framework for the modeling and analysis of precision opto-mechanical space systems.

Within the MATLAB environment, an integrated model of the spacecraft can be created to

simulate the dynamic behavior of the structure, the optical train, the control systems and

the expected disturbance sources. The existing toolboxes are compatible with the existing

programs IMOS (version 4.0), MSC/NASTRAN, DynaMod, and DynaCon. Once an ini-

tial model has been created and numerically conditioned, the root-mean-square (RMS)

values of scientific and opto-mechanical performance metrics of the system (e.g. path

length difference, pointing jitter, fringe visibility, null depth) can be predicted. The exact

performance sensitivities of the RMS with respect to modal or physical design parameters

can be computed. These sensitivities are essential for conducting gradient-based optimiza-

tion, redesign or uncertainty analyses. The goal of the uncertainty analysis, the subject of

this thesis, is to associate error bars with the predicted RMS performance based upon an

uncertainty database resulting from past ground and flight experience. The gray shaded

box (lower left corner) in the above figure corresponds to the modules of the DOCS

framework that are related to uncertainty analysis. The actuator-sensor topology of the

system can be analyzed numerically to ensure that the control system uses the actuator-

sensor pairs that will, in turn, assure maximum disturbance rejection or tracking perfor-

mance. Once a design has been found that meets all requirements with sufficient margins,

an isoperformance analysis can be conducted. Treating the performance as a constraint,

the expected error sources (error budgeting) or key design parameters (subsystems

requirements definition) can be traded with respect to each other. If hardware exists, the

experimental transfer functions can be used to update the structural, avionics and uncer-

tainty models throughout the life of the program to achieve a convergent design that will

render mission success. Preliminary versions of the framework have been successfully

applied to   conceptual designs of future NASA missions including SIM, NGST, TPF and

Nexus. 
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1.4  Definitions, Literature Review and Previous Work

1.4.1  What is Uncertainty?

When a model is created, there will undoubtedly be errors between the model and the

actual physical system. In the most general sense, a model uncertainty represents an

unknown error in a model of a physical system. We broadly divide model uncertainty into

parametric and non-parametric uncertainties. A parametric uncertainty is an uncertainty in

a parameter used to generate the model. Either the parameter can appear explicitly in the

state-space matrices, or the matrices can be implicit functions of the parameter. For exam-

ple, a physical parameter such as a stiffness may not appear explicitly in the model state-

space matrices; however, uncertainty in this parameter does have an effect on the modes

and frequencies, which do appear in the matrices. Non-parametric uncertainty cannot be

captured by an uncertainty in one or more parameters. For example, uncertainty in the

model order implies that the number of states might be incorrect. This type of uncertainty

can capture modeling errors such as modal truncation, lack of fidelity, and incorrect finite-

element types. However, the form of this uncertainty is difficult to specify. The error of

representing a nonlinear system with a linear model is another example of a non-paramet-

ric uncertainty.

The following definitions of uncertainty will be assumed in this thesis:

• Nominal model refers to to the analytical model evaluated for the nominal
values of its parameters. It will also be referred to as the analytical model.

• Physical model corresponds to the model obtained from the measurement of
the actual structure. In the perturbation analysis, we will refer to it as the per-
turbed model. It will also be referred to indistinctly as the actual, measur-
ment, or test model.

• Performance uncertainty is a measure of the variation of the actual perfor-
mance about the predicted nominal performance point. For example, the
nominal predicted RMS DPL (differential path length) of a system is 22.7
nm (+ 3.4 nm, - 2.8 nm). The +/- values are the uncertainty bounds on the
nominal prediction.
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• Parametric Uncertainty is the variation of model parameters about their
nominal values. The parameters describe the physical plant, on-board and
off-board disturbances, and the optics-controls design. The uncertain param-
eters appear explicitly in the state space matrices or in the mass, stiffness,
damping or other system matrices. Examples include material and structural
properties, dimensions, and harmonics of RWA disturbances.

• Non-Parametric Uncertainty is the variation of the assumed model from
physical reality based on modeling assumptions which do not explicitly
appear in any system matrices. Examples include missing poles, friction,
slip, other non-linearities, insufficient model order, use of inappropriate
finite element types.

• Modeling Error is the difference between the analytical model and the
physical system in modal (w, z, m) parameters by variations in assumed
physical parameters (E, r, n) or by non-linearities in the system. The model-
ing error is the mean of the stochastic errors.

• Modeling Uncertainty is the range of error differences across repeated
experiments, or the variance of the stochastic errors. 

• Error Management implies understanding the causes of errors as well as
the resulting uncertainties to produce more accurate structural models and to
derive realistic requirement bounds on spacecraft performance

The purpose of this thesis is to predict performance uncertainty based on assumptions and

database information on parametric uncertainty.

1.4.2  Sources of Uncertainty

As illustrated in Figure 1.1, there are essentially three sources of uncertainty. The first

type is related to mismodeling, where there is a discrepancy between the physical reality

of the system and the virtual model used for control design and/or performance prediction.

The second source of uncertainty is related to the evolution of the design. Design deci-

sions for complex structures have to be made by several organizations in a short time

frame and may not be communicated effectively. Thus, it is likely that not all versions of a

model reflect the current design accurately. Finally, uncertainty arises from unknown

environmental factors. The solar flux, for example, is often assumed to be a constant at

1400 W/m2 at 1 AU. This value however is subject to the 11 year solar cycle and daily

fluctuations, which can only be captured stochastically.
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Figure 1.2 shows the different physical sources of uncertainty that have to be taken into

account.

Figure 1.1   Sources of Modeling Uncertainty

Figure 1.2   Physical Sources of Uncertainty
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• Hardware
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– Shipset Variations
– Structural Nonlinearities

• Experimental Procedure
– Sensor Bandwidth /

Resolution
– Sensor Noise
– Data acquisition Electronics
– Amplitude of Applied Forces
– Type of Experiment

• Testing Environment
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– Ground vs. On-Orbit
– Quiet vs. Noisy
– Thermal
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MIT has investigated a number model/data variations for ground and flight test programs.

[Bourgault & Ubelhart, 1999]. These variations were found to be due to the following fac-

tors:

• Hardware: Manufacturing tolerances and material variations between sup-
posedly identical components (shipset variations). Also, the residual stresses
in a single piece of hardware can vary between seemingly identical assem-
blies.

• Environment: Variability in the environmental parameters accounts for vari-
ability in the hardware performance. For example, testing and validating a
model on the ground (1-g environment) leads to error in predicting the 0-g
behavior. In addition, damping is greatly affected by temperature.

• Nonlinearities: Small nonlinearities in a structure joints account for the
damping sensitivity to the vibrations amplitude. 

• Testing Method: Excitation amplitude, acquisition electronics, accuracy of
the instruments used, and choice of sensor/actuator placement (controllabil-
ity/observability) affect the accuracy of the results. 

• Model Generations: Differences between 1st, 2nd, 3rd generation of model.
An un-updated model contains larger errors than a model that has been
updated after structural identification testing.

Figure 1.3 shows an example from MACE shipset variations.

1.4.3  Lessons from the MACE Program

The following remarks about uncertainty pertain to real life flight programs and are based

on experiences from the MACE (Middeck Active Control Experiment -1995) program:

We cannot eliminate uncertainty (= risk) but can manage it by gradually reducing the size

of the error bars.

A two pronged approach is recommended by reducing the sensitivity of the design to

uncertainty and by reducing the parameter uncertainty space ∆p. This can be seen by look-

ing at the first order term of the a Taylor series expansion of the multivariable perfor-

mance function: 
σz∆

∂σz
∂pk
-------- pk∆=



Thesis Overview and Contributions 31

Redesign affects the nominal performance point, testing affects the size of the error bars

Uncertainty results from one phase of the program need to be passed on to the next phase

(traceability, converging process). Only in this way will the design converge and a suc-

cessful mission be achieved.

The design uncertainty is largest in the beginning and relates mainly to the hardware;

later-on, uncertainty is reduced but the ability to change the design is reduced as well. On-

orbit only software changes are possible (e.g. PID-gains).

The “evening before launch” uncertainty remaining in the system should only be due to

the magnitude of the external disturbances. Plant uncertainties should have been elimi-

nated via rigorous testing/modeling.

1.5  Thesis Overview and Contributions

The organization of the chapters in this thesis, as it is summarized in Figure 1.4, goes as

follows. First, in Chapter 2, we describe the integrated modeling framework [Gutierrez,

Figure 1.3   Example of MACE shipset variation
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1999], the corresponding notation, and the non-deterministic performance prediction tech-

niques used throughout this document. In Chapter 3, we describe how to generate a struc-

tural modal uncertainty database, as well as a damping uncertainty database. Then, the

sensitivity expressions necessary to propagate the uncertainties through the model are

derived in Chapter 4. The different uncertainty analysis techniques, described in

Chapter 5, are demonstrated and validated on a 2-DOF sample problem in Chapter 6. The

most promising techniques are then implemented on a space telescope model in Chapter 7

to assess the uncertainty in the performance predictions based on past experience. One

very interesting result from this analysis is the error budget probability curve from which

we can assess the risk and the suitability of a particular concept to meet the design require-

ments. Finally, the conclusions and a summary of the possible extensions of this research

work is presented in Chapter 8. 
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Figure 1.4   Thesis Flow: Integral Performance Assessment for Spaceborne Telescope

Integral Analysis Framework

Integrated               

Modeling(a)

Initial Performance  

Assessment(b)

Sensitivity Analysis(d)

Database(c)Uncertainty           

Analysis(e)

No

No

Yes

Yes

Meet design

requirements?
Meet design

requirements?

Next Design Phase

Demonstration

Sample Problem(f)

Uncertainty Analysis 

for SIM model(g)

Conclusions(h)

Framework Description:
(a) Obtain a model integrating structure, con-
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(b) Deterministic performance analysis to 

predict the nominal performance of the 
system (disturbance analysis) [Chapter 2].

(c) Generation of database including struc-
tural and damping parameters [Chapter 3].

(d) The sensitivities are used to propagate the 
database uncertainty [Chapter 4] and aid 
in redesign.

(e) Non-deterministic performance assess-
ment to determine statistical uncertainty 
bounds and worst-case performance 
[Chapter 5]. 

Demonstration/Validation of the Method:
(f) Complete demonstration of the intergral 

analysis framework on a sample problem 
[Chapter 6].

(g) Implementation of the uncertainty analysis 
on the SIM Classic model to obtain uncer-
tainty bounds, error budget probability 
curve, and worst-case parformance [Chap-
ter 7].

(h) Conclusions on the analysis and future 
work description [Chapter 8].
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Chapter 2

INTEGRATED MODELING AND 
PERFORMANCE EVALUATION

The basics of a general integrated modeling technique for high precision space systems

will be briefly presented in this chapter (Section 2.1). We will also present the tools

needed for the initial performance assessment on such systems (Section 2.2). Although the

contributions of this thesis are primarily related to the development and application of

structural uncertainty analysis tools, it is important to understand the underlying assump-

tions of the model as well as the type of inputs and outputs. A more thorough discussion of

these techniques is presented in [Gutierrez, 1999] from where we borrowed the modeling

notation. Complete descriptions of the application of these techniques on large-scale sys-

tems can be found in [Gutierrez, 1999] for SIM, and in [de Weck, 1999] for NGST, as

well as in Chapter 7 of this document, where we will perform the uncertainty analysis for

these systems. 

2.1  Integrated Modeling Description

Integrated modeling techniques play an essential role in evaluating potential concepts for

the future generation of space-based telescopes. These techniques require modeling of

every subsystem, including the structure, disturbances, optics and control, and their inter-

actions in order to get to overall end-to-end system performances [Mosier & al., 1998]. 
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2.1.1  Structural Dynamics Modeling

Numerous well developed commercially available software packages exist to perform

structural modeling using the finite-element method (FEM). The level of fidelity, the type

of elements used, and the discretization can greatly affect the accuracy of the FEM model

and contribute to the overall system uncertainty. Also contributing to the uncertainty is the

approximate specification of the damping ratios, which are typically specified after taking

measurements on the structures, or estimated by the engineer based on experience, when

no data is available. The reader is referred to [Meirovitch, 1986] for a thorough discussion

on structural dynamics.

Equation of Motion

A linear time-invariant structural system can be discretized and represented by the follow-

ing standard equation of motion in physical coordinates.

(2.1)

where the vector x represents the generalized displacements (translations and/or rotations)

in the physical coordinate space,  represents the global mass matrix,  is the equivalent

viscous damping matrix,  is the stiffness matrix, and  map the control inputs, ,

and the disturbances, , to the physical degrees of freedom. Note that

, where  is the number of degrees of freedom.

Let us remark here that M and K are the actual “true”, but unknown, mass and stiffness

matrices representing a discretization of the actual physical structure. The values of these

matrices are subject of the arbitrary discretization done by the designer and constitute an

approximation of the real mass and stiffness of the real continuous structure. One could

imagine, though, that these two abstract mass and stiffness matrices are a representation

that gives us the exact “true” natural frequencies and mode shapes (at least for the lower

ones) of the real “actual” structure. For the purpose of this work, since the natural frequen-

cies and the mode shapes obtained by analysis always differ slightly from the ones of the

Mx·· Cx· Kx+ + βuu t( ) βww t( )+=

M C

K βu βw u

w

M, C, and K ℜ n n×∈ n
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physical system, we will make a distinction between the actual (exact, true, real) model of

the structure and the analytical (nominal) model. The mass and stiffness matrices of the

analytical (or nominal) model will be denoted by  and . In this document, the tilde

symbol  will always be attributed to the nominal system.

The sensor and performance outputs,  and  are typically expressed as linear combina-

tions, determined by the matrices  and , of the physical degrees of freedom (dis-

placements and rates).

(2.2)

It is also possible to add the so called feedthrough  terms which directly “feed” the con-

trol input  and the disturbances  to the outputs, although these terms are typically zero

for structural plants (output of an accelerometer is a notable exception).

Undamped Free-Vibration Equation

To find a solution to Eq. 2.1, we first consider the undamped homogeneous equations of

motions:

(2.3)

Eigenproblem

Then, the ensuing undamped eigenproblem enables us to obtain the mode shapes and nat-

ural frequencies

(2.4)

where  and  are the rth eigenvalue and eigenvector, respectively, corresponding to the

rth normal mode of the actual structure. The eigenproblem can also be written in matrix

form as:

(2.5)

M̃ K̃

.( )̃

y z

Cyx Czx

y Cyxx=

z Czxx=

D

u w

Mx·· Kx+ 0=

K λrM–( )φr 0=

λr φr

K ΛM–( )Φ 0=
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where the eigenvector matrix  consists of the modes shapes  organized column-wise

from , and, the eigenvalue matrix  contains the squared natural frequen-

cies on its main diagonal.

(2.6)

Orthogonality Principle

The diagonal modal mass matrix  is obtained by pre-multiplying  with the transpose

of  and by post-multiplying with .

(2.7)

The eigenvectors (mode shapes) form an orthogonal set and we say that they are orthogo-

nal by the mass matrix since they diagonalize the mass matrix  into . The matrix 

contains the modal masses on the main diagonal. Hence, if we pre and post-multiply the

left and right sides of the equation (2.7) shown above by  we get

(2.8)

where  contains the “mass normalized” mode shapes. 

Similarly, from the analytical eigenproblem in matrix notation (2.5), by pre-multiplying

by , we get

(2.9)

and as with the mass matrix, we pre- and post-multiply by  and obtain

(2.10)

Φ φr

r 1 2 … n, , ,= Λ

Λ λr ω r
2 Ω 2= = =

…

…

…

…

m M

Φ Φ

Φ TMΦ m m1 2⁄ m1 2⁄⋅= =

M m m

m1 2⁄

m 1– 2⁄( )
T
Φ TM Φ m 1– 2⁄ m 1– 2⁄( )

T
m

1 2⁄
m1 2⁄m 1– 2⁄⋅ I= =

Φ° T Φ°

         

Φ° Φ m 1– 2⁄=

Φ T

Φ TKΦ ΛΦ TMΦ Λm= =

m1 2⁄

m 1– 2⁄( )
T
Φ TK Φ m 1– 2⁄ Λ Φ° TK Φ° Λ Ω 2= = = =

Φ° T Φ°

         
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In the following, we will assume that the mode shapes are mass normalized and use the

symbol  instead of  for simplicity. Therefore, assuming mass normalized mode

shapes, where  and  represent respectively the sth and rth (mass normalized) eigen-

vectors, or the sth and rth column of , we get

(2.11)

where  and , the Kroenecker delta function, is equal to one when

 and zero otherwise. The equations in (2.11) are referred to as the orthogonality

principle and can also be written in matrix form simply as

(2.12)

Modal Coordinates

When damping is small, which is typically the case for space structures, it is common

practice to treat damping as modal (e.g.: lightly damped structures can have damping

ratios in the range of  = 0.1% to 0.5%). Specifying modal damping for the structure

requires to have its model in modal coordinates. 

We can change the coordinate system from physical (Eqs. 2.1 and 2.2) to modal by per-

forming the following linear transformation

(2.13)

where  are the generalized modal coordinates. After pre-multiplying by , Eq. 2.1

becomes

(2.14)

Φ Φ°

φs φr

Φ

φs
TMφr δsr

1  if s, r=
0  if s r≠,




= =

φs
TKφr λrδsr

λr  if s, r=

0  if s r≠,



= =

r s, 1 2 … n, , ,= δsr

s r=

Φ TMΦ I=

Φ TKΦ Λ Ω 2= =

ζ

x Φ η=

η Φ T

Iη·· Ξη· Λη+ + Φ Tβuu t( ) Φ Tβww t( )+=
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and Eq. 2.2 becomes

(2.15)

where

(2.16)

For our structural problem, we will specify damping in terms of modal damping ratios

[Eldred, Lerner & Anderson, 1992]. This is done by assuming that the global damping

matrix, , is proportional to the mass and stiffness matrices as follows

(2.17)

where  and  are constants. This leads to a diagonal damping matrix  calculated in

modal coordinates 

(2.18)

where  is a diagonal matrix whose th diagonal element is the modal damping ratio 

associated with the th mode in .

(2.19)

Thus, the modal damping matrix, , is given by

(2.20)

Therefore, Eq. 2.14 can be rewritten as following

(2.21)

y CyxΦ η=

z CzxΦ η=

Ξ Φ TCΦ=

C

C αM βK+=

α β Ξ

Ξ 2Λ
1
2
---
Z 2Ω Z= =

Z r ζ r

r Φ

Z ζ r
=

…

…

Ξ

Ξ ξr 2ζ rλr
1 2⁄ 2ζ rω r

= = =

…

…

…

…

…

…

Iη·· 2ZΩη· Ω 2η+ + Φ Tβuu t( ) Φ Tβww t( )+=
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We notice that the assumption of proportional damping has a convenient property of

decoupling the equations of motions of the system into n independent equations since , 

and  (or ) are all diagonal matrices. In general, though, the modal damping matrix is

not diagonal, since off-diagonal terms may couple modes when their frequencies are

closely spaced [Hasselman, 1976]. Therefore, our assumption of proportional damping

will be valid only for low modal density structures.

State-Space Form 

Rewriting (2.14) and (2.15) in state-space form leads to 

(2.22)

All of  terms are generally zeros for structural plants. Figure 2.1 shows the block dia-

gram of the open-loop plant representing Eq. 2.22.

Figure 2.1   Open-loop plant block diagram
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In compact form, the open-loop dynamics of the plant are given by

(2.23)

2.1.2  Control Modeling

For the purpose of this work, we will assume the plant to be linear time invariant (LTI)

and that it can be a closed-loop system. Taking into account the presence of a dynamic

compensator will enable us to use a more general notation. The compensator, also called

controller, determines the command signal, , based on the measurements, , and is

assumed to be linear and strictly proper. The dynamics of the controller can be represented

in state space form by the following equation.

(2.24)

Figure 2.2 shows block diagram representation of the compensator.

The general closed-loop plant is obtained by linking the sensor measurements from the

structural plant, , to the controller input, and the controller output to the plant input com-

mand, , as illustrated in Figure 2.3.

Figure 2.2   Controller block diagram
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The closed-loop dynamics of the plant are obtained by combining Eq. 2.24 with Eq. 2.22.

(2.25)

As mentioned earlier, this notation has the advantage of being more general because it

allows for the presence of a compensator, or the absence of it by setting the respective

matrices to zero. Also, we can obtain a corresponding transfer function of the plant, also

called frequency response function (FRF), by solving the following matrix equation in the

-domain:

(2.26)

As shown on Figure 2.4, the general plant, including the compensator, can now be repre-

sented by a simple box with the physical disturbances, , as input, and the performance,

, as output.

Figure 2.3   Closed-loop plant
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2.1.3  Dynamic Disturbance Modeling

The disturbances characterization should be given a high priority in the integrated model-

ing process because mismodeled disturbances can cause the predicted performance to dif-

fer substantially from the performance of the actual system in operation. This is especially

true for high performance systems where even low disturbance levels can cause the

response to exceed the requirements. 

The modeling of disturbances is based on the energy perspective since they perform work

on the system. The modeling begins with understanding the type and number of energy

sources within the system, as well as their magnitude and frequency content. One way to

characterize the frequency content of the disturbance energy is to represent it in power

spectral density (PSD) form [Wirsching, 1995].

One of the main sources of disturbance on a spaceborne telescope is the attitude control

reaction wheel assembly. These wheels, although manufactured to the highest require-

ments, always have finite static and dynamic imbalances. When spun at high speed, these

imbalances cause jittering disturbances that have a considerable impact on a precision

space structure. A detailed analysis of wheel disturbances can be found in [Masterson,

1999]. Other mechanical disturbances are produced by thruster impulses, cryocooler pis-

tons and compressor imbalances, propellant sloshing, thermally induced micro-dynamics

(thermal snaps), fast steering mirrors, etc. Non-mechanical disturbance sources include

sensor and actuator noise, photon noise at the detector, dark current, shot noise, and oth-

ers. A comprehensive list of spacecraft disturbances is presented in [Gutierrez, 1999].

Figure 2.4   General plant model

w zPlant model
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In this thesis, we will model the physical disturbances into the plant, , as being the out-

puts of a shaping filter that has a unit-intensity Gaussian white-noise, , as input. The

power spectral density (PSD) function of the disturbance can be obtained from the follow-

ing relationship,

(2.27)

where  is the white noise to disturbance transfer function matrix also referred to

as the “shaping” or “pre-whitening” filter,  is the intensity of the white-noise (diagonal

matrix of constants), and  is the cross spectral density matrix of the disturbance 

(see Appendix A). For unit-intensity white noise ( ), the spectral density of the

output reduces to 

(2.28)

The dynamics of the disturbance filter is represented in sate-space form by the following

equation.

(2.29)

Figure 2.5 illustrates the above state-space representation of the disturbance filter.

Figure 2.5   Disturbances filter block diagram
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Placing the disturbance filter in series with the general plant representation allows us to

obtain directly the performance outputs, , from a simple white-noise input (Figure 2.6). 

Hence, the overall state-space form is obtained by combining Eq. 2.29 with Eq. 2.25.

(2.30)

The equations above can be rewritten in a more compact form

(2.31)

where, to ensure that the performance has finite energy,  must be zero. One interpreta-

tion of such notation is that we can consider the assembly of the general plant model in

series with the disturbance filter to be nothing else but a filter shaping the white noise

Figure 2.6   Disturbance model and general plant model
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input to the performance output. Hence, the diagram of Figure 2.6 is reduced to the dia-

gram of Figure 2.7. 

where the transfer function , can be obtained by performing the Laplace trans-

form on (2.31)

(2.32)

and evaluating it for  (which correspond to the Fourier transform). This integrated

model form will allow us to use statistical tools in order to predict the overall perfor-

mances of the system (Section 2.2.3).

2.2  Initial Performance Assessment

The objective of a precision controlled structure is to ensure that the performances are

below some desired level when subjected to a given disturbance. Some of the performance

outputs, , of a spaceborne telescope are, for example, the optical path difference (OPD),

the line of sight jitter (LOS), or the wave front error (WFE), and the requirements are gen-

erally specified in terms of RMS values in the form of a quadratic cost.

(2.33)

As a first step in evaluating the capability of our system to meet the specified require-

ments, it is necessary to evaluate the performance of the nominal model. To evaluate the

stochastic performance  of a linear time invariant (LTI) system, several methods have

been developed. For example, three different and complementary techniques to assess the

Figure 2.7   Integrated plant model
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performance, dubbed as disturbance analyses, are presented in [Gutierrez, 1999]: The time

domain, the frequency domain, and the Lyapunov approach. For the purposes of this

work, we will describe only the two last methods because they are the tools that we will

use to evaluate the performance outputs and to verify whether the nominal models meet

the performance specifications. 

2.2.1  Performance Modeling

For multiple performance outputs,  is a vector and in order to obtain a scalar perfor-

mance cost, it is possible to apply a weighting matrix  to . The matrix  represents

the relative importance between the output elements of  in the overall performance cost,

but also should take into account the scaling of the units of each performance. For simplic-

ity of notation, it can simply be absorbed into the matrix . Let us denote the weighted

performance by ,

(2.34)

and define the scalar cost to be its norm as

(2.35)

where  is the covariance matrix of weighted performances.

For high precision structures, it is common practice to specify the performance require-

ments in terms of RMS maximum values which are not to be exceeded. In the literature,

the RMS values are also referred to as the H2 norms, and the maximum values as the H

norms.

2.2.2  Frequency-domain Analysis

For linear systems, the advantage of frequency domain analysis (i.e., Laplace domain) is

that the output of the system is equal to its transfer function multiplied by the input, while

in time domain the output is obtained by a convolution of the input with the impulse-

z

W z W

z

Czx

z∗

z∗ Wz=

J z∗ J⇒ Tr WE zzT[ ]WT{ } Tr WΣzW
T{ } Tr Σz∗{ }= = = =

Σz∗

∞
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response function of the system. Using linear systems theory, it can be shown that the per-

formance PSD can be obtained by (see [Wirsching, 1995])

(2.36)

where the disturbance PSD, , was obtained in (2.28). This implies that Eq. 2.36

can also be written as

(2.37)

where  is the global transfer function matrix from the white noise disturbance, ,

to the performance outputs,  (see Figure 2.7).

As shown in (A.55), for zero-mean processes, integrating the elements of the spectral den-

sity function across the frequency range yields the covariance matrix as follows

(2.38)

where  is the frequency in [rad/s] and  is the frequency in [Hz]. Since the

diagonal elements of the covariance matrix are the variances of the different performance

outputs, ’s (see Eq. A.56)

(2.39)

we obtain the root-mean-square (RMS) values of the performance metrics by taking the

square root of 

(2.40)

which can also be expressed in terms of the transfer function  by substituting the iden-

tity of Eq. 2.37 into Eq. 2.40.

Szz ω( ) Gzw jω( ) Sww ω( ) Gzw
H jω( )⋅ ⋅=

Sww ω( )

Szz ω( ) Gzw jω( )Gd jω( ) Gd
H jω( )Gzw

H jω( ) Gzd jω( )Gzd
H jω( )= =

             

Gzd jω( ) d

z

Σz
1

2π------ Szz ω( ) ωd
∞–

∞
∫ Szz f( ) fd

∞–

∞
∫= =

ω f ω 2π⁄=

zi

σzi

2 Σz( )i i,
1
π
--- Szz ω( )[ ]i i, ωd

0

∞
∫ 2 Szz f( )[ ]i i, fd

0

∞
∫= = =

Σz( )i i,

RMS zi( ) σzi

1
π--- Szz ω( )[ ]i i, ωd

0

∞
∫ 

 
 1 2⁄

2 Szz f( )[ ]i i, fd
0

∞
∫ 

 
 1 2⁄

= = =

Gzd
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(2.41)

Equations 2.40 and 2.41 are very useful expressions since they help determine if the RMS

requirements for the performance metrics ’s are met by the nominal plant. One interpre-

tation of the above expression is that the RMS performance corresponds to the area under

the transfer function magnitude curve (scaled by a factor ). Therefore, augmenting the

modal damping, thus reducing the height of the modal peaks, has the effect of improving

(reducing) the RMS values of the performance outputs by reducing the area under the

magnitude curve of the transfer function.

Another very useful expression is the cumulative RMS function defined as

(2.42)

where to limit the amount of calculations, we limit ourself to the range where most of the

energy is concentrated . Likewise,  should be very close

to the correct value of . The usefulness of the above expression comes from the fact

that, by plotting the function, it becomes very easy to see graphically the contribution of

each mode to the RMS value of a particular performance output. The drawback comes

from that fact that the accuracy of the method depends on the resolution of the frequency

vector (step size) when performing the integration numerically.

2.2.3  Lyapunov Approach

The following Lyapunov approach is valid for a linear time-invariant system driven by

white noise. Using the integrated state-space representation of the system from Eq. 2.31,

also represented graphically by Figure 2.7, it is possible to obtain the steady-state covari-

ance matrix, , by solving the following steady-state Lyapunov equation

σzi

1
π
--- Szz ω( )[ ]i i, ωd

0

∞
∫ 

 
 1 2⁄

1
π
--- Gzd jω( )2

i i, ωd
0

∞
∫ 

 
 1 2⁄

= =

zi

π

σzi c, fo( ) 2 Szz f( )[ ]i i, fd
0

fo∫ 
 
 1 2⁄

2 Szz f( )[ ]i i, fd
0

fo∫ 
 
 1 2⁄

≈=

fo fmin … fmax
∈ σzi c, fmax( )

σzi

Σq
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(2.43)

Since the state covariance matrix is symmetric, . The performance covariance

matrix is obtained as follow

(2.44)

where the exact mean-square values of the performance outputs are given by the square

roots of the diagonal elements of 

(2.45)

where  corresponds to the ith row of . For zero-mean process, the term “mean-

square” is synonymous with “variance” and thus the term “RMS”, which we get by taking

the square root of the mean-square, is synonymous with “standard deviation”. For the case

where the overall performance cost, , is defined as the sum of all the weighted outputs

(Eq. 2.35), we have

(2.46)

The main advantage of the Lyapunov method is that it provides the exact analytical

steady-state performances and does not suffer from poor frequency resolution. The draw-

back is that it does not provide any insight of the frequency content of the outputs, and that

the solution time for the Lyapunov equation increases dramatically for large-order sys-

tems. Therefore, the frequency-domain analysis and the Lyapunov approach should be

AzdΣq ΣqAzd
T BzdBzd

T+ + 0=

Σq Σq
T=

Σz E zzT[ ] E CzdqqTCzd
T[ ] CzdE qqT[ ]Czd

T= = =
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T=
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2 … σz1zn

σznz1
… σzn

2

= … ……
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used complementary. For example, the Lyapunov analysis could be used to verify the fre-

quency-domain analysis results and validate the choice of the frequency range and fre-

quency resolution. Both techniques will be demonstrated on sample problems in

Chapter 6.

2.3  Summary

We now have described the basic modeling tools and notation for performing integrated

modeling and assessing the performance of precision controlled structures. As discussed

in the introduction chapter, it is not enough to evaluate only the nominal performance of

the system based on the preliminary design models since these preliminary models can be

quite crude in early design phase. Although they can provide great qualitative assessment

of the performances, their quantitative predictions are not necessarily very accurate.

Therefore, in order for the designer to make sure that, once it is built, the system will meet

the requirements with a certain degree of confidence, it is a necessity to evaluate the

uncertainty range around the performance outputs of the system. The tools to evaluate the

uncertainty range around the nominal performances will be presented in the following

chapters.
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Chapter 3

MASS, STIFFNESS AND DAMPING 
UNCERTAINTY

The purpose of this thesis is to provide confidence for the designer that a concept of a

future space-based telescope will meet its very stringent requirements. The traditional

design process starts by evaluating and comparing the performance of different concepts

by using simplified structural and disturbance models. As the process progresses the dif-

ferent solutions are evaluated and the most promising concept is retained and refined.

Eventually, some preliminary structural testing is performed, and the model is updated to

reflect the reality more accurately. Eventually, when the production of the system is nearly

complete, the model performance predictions should converge to the actual system perfor-

mance.

Large flexible space structures present a problem in using this approach because they are

often too flexible to support their own weight and/or too large to fit inside any laboratory

facilities to be tested fully assembled. For example, it would be impractical to test the

whole assembly of the International Space Station or SIM on the ground. Also, during the

preliminary design phase, no test data are available to update the models. Even when the

model is very mature and has been updated after experimental testing, a discrepancy

remains between the predicted and actual performance of the system. These uncertainties

are due to various sources of variability in the system: variable noises (sources and levels),

testing conditions and environmental factors, assembly/reassembly, shipset, disturbance

levels, and others. How then, can we have confidence that a particular concept will meet
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the requirements if the only tool we have are finite element models that may not be accu-

rate? The solution is to try to estimate the range of uncertainty around our nominal model

performances. Since in the early design phase no test data are available, our best bet will

be to use past experience to predict the expected uncertainty range on the performances of

our new design. Statistical uncertainty for the modal mass and stiffness parameters, [Has-

selman & Chrostowski, 1991], as well as for the modal damping ratios [Simonian, 1987],

can be obtained. These methodologies will be presented in Section 3.1 and Section 3.2

respectively.

3.1  Mass and Stiffness Uncertainty

In this section, we will describe the methodology used to express the modal mass and stiff-

ness uncertainties of a structural model as a function of the error in the eigenvalue and

mode shape predictions. We will then describe how to use this information to built a statis-

tical database.

First-order perturbation equations for the linear eigenvalue problem can be derived in a

variety of ways. The technique presented here is an augmented and more detailed version

of the developments presented in [Hasselman & Chrostowski, 1991]. Other similar devel-

opments can be found in various references ([Kato, 1966], [Rellich, 1969], [Huag, 1986],

[Chen, 1985], [Hasselman, Chrostowski & Ross, 1992]).

3.1.1  Methodology

The methodology will consist of performing a linear perturbation analysis on the equa-

tions of motion of the system (Eq. 2.1). For this perturbation analysis, since we have

assumed the mass and stiffness to be independent of damping and forcing function

(Chapter 2), we will consider only the undamped homogeneous equations of motion (2.3)

for which the corresponding undamped eigenproblem (2.4) is reproduced here 

(3.1)K λrM–( )φr 0=
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where  and  are the eigenvalue and eigenvector, respectively, corresponding to the rth

normal mode of the structure, and M and K are the actual mass and stiffness matrices.

Linear Perturbation Analysis

The advantage provided by the perturbation analysis is that the changes in the modal prop-

erties can be expressed entirely in terms of the eigenproperties of the original system and

the changes in the system mass and stiffness. This means that the natural frequencies, loss

factors, and mode shapes of the perturbed system can be obtained directly, without the

need to re-solve the eigenvalue problem, as long as we know that the size of the perturba-

tion is small enough such that linearity is preserved.

The physical and modal parameters of the analytical, or nominal, model are related to

those of the actual structure as follows:

(3.2)

(3.3)

(3.4)

(3.5)

In matrix form, equation (3.4) becomes

(3.6)

where the eigenvalue matrices  and  are diagonal matrices containing respectively the

measured actual eigenvalues  and the analytical eigenvalues  along their diagonals.

The matrix  is the difference between the actual and the analytical eigenvalue matrices

( ).

Equation (3.5) can also be expressed in matrix form as follows

λr φr

M M̃ M∆+=

K K̃ K∆+=

λr λ̃r λr∆+=

φr φ̃r φr∆+=

Λ Λ̃ Λ∆+=

Λ Λ̃
λr λ̃r

Λ∆
Λ Λ̃–
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(3.7)

where the matrices  and  contain respectively the actual and analytical eigenvectors

organized column-wise from , and similarly,  is organized as follows

(3.8)

It is always possible to express the vector  as a linear combination of the original

eigenvectors since they span the vector space of all the possible displacements:

(3.9)

where the matrix  consists of the analytical modes shapes  organized column-wise

from , and  is the vector of linear combination coefficients. In matrix

notation, Eq. 3.9 becomes

(3.10)

where  is organized as follows

(3.11)

Substitution of equations (3.2) through (3.5) into the eigenproblem (3.1) gives:

(3.12)

After multiplying out the factors we get

(3.13)

This expression contains second order terms

 and third order terms .

Ignoring these terms is equivalent to the “small numbers” or “first order” approximation

Φ Φ̃ Φ∆+=

Φ Φ̃
r 1 2 … n, , ,= ∆Φ

∆Φ ∆φ1 … ∆φ2
=

∆φr

∆φr Φ̃ ∆ψ r=

Φ̃ φ̃r

r 1 2 … n, , ,= ∆ψ r

∆Φ Φ̃ Ψ∆=

Ψ∆

Ψ∆ ∆ψ 1 … ∆ψ 2
=

K̃[ ∆K λ̃r ∆λr+( ) M̃ ∆M+( )]–+ φ̃r ∆φr+( ) 0=

K̃( ∆K λ̃rM̃– λ̃r∆M– ∆λrM̃– ∆λr∆M )φ̃r–+

K̃( ∆K λ̃rM̃– λ̃r∆M– ∆λrM̃– ∆λr∆M )∆φr–+ + 0=

∆λr∆Mφ̃r– ∆K∆φr λ̃r∆M∆φr– ∆λrM̃∆φr–+( ) ∆λr∆M∆φr–( )
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which is valid as long as the perturbation is not “too large”. In Chapter 4 we will discuss

the range of validity for the approximation.

Caution: One must keep in mind that the following developments will only be valid if the

mass and stiffness uncertainties, , (or frequency and mode shape uncertain-

ties, ) are small compared to the nominal analytical quantities .

For good structural modeling, however, we expect this assumption will hold. For example,

the natural frequencies are typically off by less than 10 or even 5 percent.

Hence, neglecting second and third order terms in Eq. 3.13, we get:

(3.14)

where  is the eigenproblem for the analytical (nominal) model (corre-

spond Eq. 3.1 evaluated for the nominal parameters). Thus, reducing equation (3.14) to:

(3.15)

This equation will be used extensively in the following developments to first obtain an

expression of the uncertainty on the eigenvalues based on the uncertainty in the mass and

stiffness matrices, and then to find approximate expressions for the mass and stiffness

based on the difference between the modal mass and stiffness of the test model and the

analytical model.

Firstly, pre-multiplying (3.15) by  gives

(3.16)

where ( ) since it is the transposed of the analytical eigenproblem (Eq.

3.1) and  are symmetric ( ). That leaves us with:

(3.17)

∆M and ∆K

∆λr and ∆φr M̃ K̃ λ̃r φ̃r, , ,

K̃( λ̃rM̃)∆φr– K̃( ∆K λ̃rM̃– λ̃r∆M– ∆λrM̃ )φ̃r–+ + 0=

K̃ λ̃rM̃–( )φ̃r 0=

K̃( λ̃rM̃)∆φr– ∆K( λ̃r∆M– ∆λrM̃)φ̃r–+ 0=

φ̃r
T

φ̃r
T K̃( λ̃rM̃)– ∆φr φ̃r

T ∆K( λ̃r∆M– ∆λrM̃ )φ̃r–+ 0=
0

      

φ̃r
T K̃( λ̃rM̃ )– 0=

K̃ M̃ K̃ K̃
T
, M̃ M̃

T
= =

φ̃r
T ∆K( λ̃r∆M )φ̃r– φ̃r

T ∆λrM̃( )φ̃r ∆λrφ̃r
TM̃φ̃r= =
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Applying the orthogonality principle (see Eqs. 2.11 in Section 2.1.1) on equation (3.17)

leaves us with the following approximate expression for the perturbation in the rth eigen-

value caused by perturbations in the original mass and stiffness matrices:

(3.18)

where  and . The above expression was first obtained

in [Nelson, 1976] and is important because it relates perturbations or uncertainties in the

physical space ( , ) to perturbations or uncertainties on the eigenvalues in the

modal space. It will be used in Chapter 4 to obtain the eigenvalue derivatives. The expres-

sions for  and  are obtained later in Eq. 3.38 and 3.39, respectively.

Secondly, pre-multiplying (3.15) by , where , gives:

(3.19)

Substitution of the expression for  from (3.9) into (3.19) gives

(3.20)

 (3.21)

Applying the orthogonality principle (Eqs. 2.11), we obtain:

(3.22)

where  is a column vector with a 1 at the sth entry and zeros elsewhere. Since  is

also a column vector, then the product of  and  reduces to a single element 

which is the sth element of the vector , (or as seen later, the element of the  corre-

sponding to the sth row and rth column) yielding

(3.23)

∆λr φ̃r
T ∆K( λ̃r∆M )φ̃r– krr∆ λ̃r mrr∆–= =

krr∆ φ̃r
T∆Kφ̃r= mrr∆ φ̃r

T∆Mφ̃r=

∆M ∆K

mrr∆ krr∆

φ̃s
T s r≠

φ̃s
T K̃( λ̃rM̃)∆φ̃r– φ̃s

T ∆K( λ̃r∆M– ∆λrM̃)φ̃r–+ 0=

∆φ̃r

φ̃s
T K̃( λ̃rM̃ )Φ̃ ∆ψ r– φ̃s

T ∆K( λ̃r∆M– ∆λrM̃ )φ̃r–+ 0=

φ̃(⇔ s
TK̃Φ̃ λ̃rφ̃s

TM̃Φ̃ )∆ψ r– φ̃s
T ∆K( λ̃r∆M )φ̃r– ∆λrφ̃s

TM̃φ̃r–+ 0=

λ̃( s es
T⋅ λ̃r es

T⋅ )∆ψ r– φ̃s
T ∆K( λ̃r∆M )φ̃r–+ 0=

es ∆ψ r

es
T ∆ψ r ∆ψ sr

∆ψ r Ψ∆

λ̃( s λ̃r )∆ψ sr– φ̃s
T ∆K( λ̃r∆M )φ̃r–+ 0=

λ̃( r λ̃s )∆ψ sr–⇔ φ̃s
T ∆K( λ̃r∆M )φ̃r–=



Mass and Stiffness Uncertainty 59

For convenience, the following notation is defined:

(3.24)

where by “ -coordinates” we mean the analytical modal coordinates. By applying the

above notation to (3.23), we can get:

(3.25)

where  and  are the elements of  and  corresponding to the sth row and rth

column. Since  and  are symmetric, we can write

(3.26)

The difference of (3.25) and (3.26) gives:

(3.27)

(3.28)

The sum of equations (3.25) and (3.26) gives:

(3.29)

where by substituting in (3.29) the newly found expression for  (Eq. 3.28) yields

m Φ̃ TMΦ̃ true modal mass matrix in Φ̃ -coordinates= =

k Φ̃ TKΦ̃ true modal stiffness matrix in Φ̃ -coordinates= =

m̃ Φ̃ TM̃Φ̃ I (identity matrix)= =

k̃ Φ̃ TK̃Φ̃ Λ̃ (diagonal matrix of analytical eigenvalues = Ω̃ 2)= =

m∆ Φ̃ T M∆ Φ̃ m I (modal mass matrix uncertainty in Φ̃ -coordinates)–= =

k∆ Φ̃ T K∆ Φ̃ k Λ̃ (modal stiffness matrix uncertainty in Φ̃ -coordinates)–= =

Φ̃

λ̃( r λ̃s )∆ψ sr– ksr∆ λ̃r msr∆–=

ksr∆ msr∆ m∆ k∆
m∆ k∆

λ̃( s λ̃r )∆ψ rs– krs∆ λ̃s mrs∆– ksr∆ λ̃s msr∆–= =

λ̃( r λ̃s )∆ψ sr– λ̃( s λ̃r )∆ψ rs–– ksr∆ λ̃r msr ksr∆ λ̃s msr∆–( )–∆–=

λ̃r λ̃s–( ) ∆ψ sr ∆ψ rs+( )⇔ λ̃r λ̃s–( ) msr∆–=

msr∆⇒ ψ sr∆ ψ rs∆+( )      for r s≠( )–=

λ̃( r λ̃s )∆ψ sr– λ̃( s λ̃r )∆ψ rs–+ ksr∆ λ̃r msr ksr∆ λ̃s msr∆–+∆–=

λ̃r λ̃s–( ) ∆ψ sr ∆ψ rs–( )⇔ 2 ksr∆ λ̃r λ̃s+( ) msr∆–=

msr∆
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(3.30)

(3.31)

In (3.28) and (3.31) we have obtained the expressions for the off-diagonal terms of the

mass and stiffness uncertainty matrices expressed in analytical modal coordinates (

and ). We should now find the expressions for the diagonal terms  and  for

every mode r. 

First, to obtain the term  we start with the normalization condition on the actual

mode  (2.11).

(3.32)

Substituting (3.2) and (3.5) into (3.32) gives:

(3.33)

Multiplying term by term and neglecting second and third order terms leaves

(3.34)

where substituting the expression for  from (3.9) gives

(3.35)

and applying the orthogonality principle (Eqs. 2.11) reduces (3.35) to

(3.36)

where, just like in Eq. 3.22,  is a column vector with a 1 at the rth entry and zeros else-

where. Since  is also a column vector, then the product of  and  reduces to a

λ̃r λ̃s–( ) ∆ψ sr ∆ψ rs–( ) 2 ksr∆ λ̃r λ̃s+( ) ψ sr∆ ψ rs∆+( )+=

2 ksr∆⇔ 2– λ̃s ψ sr∆ λ̃r ψ rs∆+( )=

ksr∆⇒ λ̃s ψ sr∆ λ̃r ψ rs∆+( )      for r s≠( )–=

m∆
k∆ krr∆ mrr∆

mrr∆
φr

φr
TMφr 1=

φ̃r ∆φr+( )T M̃ ∆M+( ) φ̃r ∆φr+( ) 1=

φ̃r
TM̃φ̃r φ̃r

TM̃ φ∆ r φ∆ r
TM̃φ̃r φ̃r

T M∆ φ̃r+ + + 1=

∆φ̃r

φ̃r
TM̃φ̃r φ̃r

TM̃Φ̃ ψ∆ r ψ∆ r
TΦ̃ TM̃φ̃r φ̃r

T M∆ φ̃r+ + + 1=

1 er
T ψ∆⋅ r ψ∆ r

T er⋅ mrr∆+ + + 1=

er

∆ψ r er
T ∆ψ r
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single element  which is the rth element of the vector , (or the element of the

 matrix corresponding to the rth row and rth column) yielding

(3.37)

(3.38)

Now, to obtain the , term we substitute (3.38) into (3.18) and get:

(3.39)

It can be easily shown that combining equations (3.28) and (3.38) for the elements of ,

and equations (3.31) and (3.39) for the elements of  yields

(3.40)

where  is the eigenvalues difference matrix (Eq. 3.6), and  is the matrix that com-

bines linearly the analytical mode shapes to obtain the modes shapes difference matrix

 (Eq. 3.10). The two above expressions are very useful because they give us an

approximate (H.O.T. neglected) way to express the difference between the analytical

modal mass and stiffness matrices versus the mass and stiffness matrices corresponding to

the experimental test data, expressed in the analytical model modal coordinates system.

The usefulness of these expressions comes, firstly, from the fact that it would be impracti-

cal to measure the mass and stiffness elements on a real structure in order to get the uncer-

tainty matrices  and . Secondly, because these first order perturbations are

expressed in the analytical modal coordinates, they can be readily applied to the analytic

(nominal) model to obtain the actual (experimental) model matrices as follows

(3.41)

∆ψ rr ∆ψ r

Ψ∆

1 ψ∆ rr ψ∆ rr
T mrr∆+ + + 1=

mrr∆⇔ 2 ψ rr∆–=

krr∆

krr∆ λr∆ λ̃r mrr∆+ λr∆ 2λ̃r ψ rr∆–= =

m∆
k∆

m∆ Ψ∆ Ψ T∆+( )–=

k∆ Λ∆ Λ̃ Ψ∆– Ψ TΛ̃∆–=

Λ∆ Ψ∆

Φ∆

m∆ k∆

m m̃ m∆+=

k k̃ k∆+=
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where we recall that the matrices  and  are the modal mass and stiffness matrices of

the actual structure expressed in the modal coordinates of the analytical model as defined

in (3.24).

To obtain the matrix , we must first find the cross-orthogonality matrix, , from the

following cross-orthogonality test between the analysis modes, , and the actual test

modes, :

(3.42)

where we assume that the test mode shapes, , can be expressed as a linear combination

of the analytical mode shapes, , by the following expression

(3.43)

To obtain the explicit relationship between  and , we plug in the expression (3.43)

for  and expression (3.10) for  into equation (3.7), and get

(3.44)

which by pre-multiplying by  reduces to

(3.45)

When there is no modeling error, meaning that there is no difference between the analyti-

cal and the actual eigenvalues and modes shapes (  and ), it means that

 in Eq. 3.7 is also equal to zero. In this case, we can see from Eq 3.45 that the cross-

orthogonality matrix is then equal to the identity matrix ( ). This is consistent with

the definition of the cross-orthogonality matrix in (3.42) where it is obvious that, if the

analytical mode shapes and the actual mode shapes obtained experimentally are the same,

the left hand side of the equation reduces to the identity by the orthogonality principle. 
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Lastly, substitution of (3.45) into the equations of (3.40) gives us the final expressions for

 and , the difference between the modal stiffness and modal mass matrices of the

actual (test) model expressed in the analytical modal ( ) coordinates (see Eq. 3.24) and

the modal mass and stiffness matrices from the analytical model. 

(3.46)

The above equations are very important since they give us a measure of the error made in

the analytical modal mass and stiffness matrices based on the measured errors in the

eigenvalues and the cross-orthogonality matrix (Eq. 3.42). Let us notice that even though

the modal mass and stiffness matrices are diagonal, this is generally not the case for 

and . Studying statistically the size of these modal errors for different structures will

help us to build knowledge about the amount of uncertainty involved in modeling real

structures. The fact that these errors are expressed in modal form is a very useful property

because they can be readily applied to the modal model of a new structural system to esti-

mate its uncertainty.

3.1.2  Database

In order to estimate the range of uncertainty around our nominal model performance pre-

dictions, and thus build confidence that a particular concept will meet the requirements,

we have to rely on data from past experience. Performing a statistical analysis of the

modal mass and stiffness parameters will provide such data.

Statistical Analysis

Statistical analysis of the modal mass and stiffness variability involves averaging the ele-

ments of  and  over a family of similar structure/model pairs. It is possible to statis-

tically analyze together all sorts of structures that could be very different topologically.

The knowledge gained from the statistical data of such structures would give us a very

general idea of the amount of uncertainty involved in a broad variety of structural models.
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For high-precision space structures with very tight requirements a lot of design effort is

usually expended to achieve models with higher accuracy. Therefore looking at the statis-

tical modeling errors for such structures would be more appropriate to estimate the uncer-

tainty on a space telescope model. This statement is even more true if the structures are

topologically similar (trusses, flexible appendages, etc...) since one can reasonably assume

that the same kind of modeling discrepancies are repeated for the same type of structures.

Also, as the design process progresses, the fidelity of the model increases over the differ-

ent generations (unupdated vs. updated models). To estimate the uncertainty of a prelimi-

nary design model, it is appropriate to use data from the unupdated models. Thus,

“generically similar” structures could refer to a more restricted set of structures with the

same kind of topology, function, and model generation altogether. Another criterion could

be that the structures have the same modal content (modal density and transition fre-

quency from global to local modes).

The  and  matrices are found by comparing the measurements on the actual struc-

ture with the modal properties of the analytical model (Eq. 3.46). Data can be compiled

over multiple structure/model pairs. To perform a statistical analysis of the  and 

data, we first normalize  to remove its inherent frequency dependence.

(3.47)

At this point, the non-dimensional matrices  and  are vectorized. Since those matri-

ces are generally fully populated but symmetric, we can keep only the upper triangular

meaningful elements and obtain:
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(3.48)

Then, the vector of modal parameter errors representing the difference between the nomi-

nal (analysis) parameters and the test parameters (assumed to be the “truth”) is formed:

(3.49)

The length of  is given by ( ) where  is the number of modes in the system. In

this vector, the modeling errors are expressed with respect to the analytical modal coordi-

nates. It is reasonable to define the uncertainty in terms of the difference between the pre-

dicted and observed behavior even if the observations are not perfect. Thus, both

measurement and modeling inaccuracies are included in the parameter uncertainties.

If we also define the frequency normalized modal parameter vector, , that contains the

actual vectorized upper triangular modal mass and normalized stiffness matrix elements,

 and , (just like we have done for  in (3.48)), then the covariance matrix of  is

given by (see Section A.1)

(3.50)

where  is the expectation operator (Appendix A),  is the normalized nominal modal

parameter vector (notice that we assume that the nominal values of  correspond to their

mean), and N is the overall number of comparisons (analytical models vs. experimental
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measurements). The unbiased version of the estimator in Eq. 3.50 would be normalized by

( ) instead of , but for a small number of samples, it is more accurate as is. Also,

the dimension of  is equal to , where  is the number of modes modeled in the

system.

The covariance matrix of the modal mass matrix elements and the normalized modal stiff-

ness elements, , as expressed in equation (3.50), is a very important result. The non-

dimensionality of its elements (variances and covariances of the modal mass and stiffness

matrix elements) makes it very suitable for use as a database as it can be readily propa-

gated to any analytical model in modal form (see Chapter 5). Also,  can be written in

terms of its correlation matrix (Section A.1) as follows

(3.51)

where  is a diagonal (square) matrix containing the standard deviations of the normal-

ized modal parameters (which correspond to the square roots of the diagonal elements of

the covariance matrix), and  is their correlation matrix:

(3.52)

where  is the correlation matrix of the modal mass matrix elements,  is the corre-

lation matrix of the normalized modal stiffness matrix elements, and  is the cross-cor-

relation matrix of modal mass and normalized modal stiffness matrix elements.

Generation of the database

The covariance matrix of the normalized modal parameters (mass and stiffness), , (Eq

3.50) can be used as a database when it is obtained for a set of generically similar struc-

tures. The data required to generate these covariance matrices consists of the following:

1. A set of frequencies and mode shapes normalized to unit modal mass
obtained from testing (  and );
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2. A corresponding set of analytical frequencies and mode shapes normalized
to unit modal mass (  and );

3. The analytical mass matrix, , to compute the cross-orthogonality matrix.

In order to compute the cross-orthogonality matrix (Eq. 3.42), the analytical model must

be reduced to the test degrees of freedom (sometimes referred to as a “Test Analysis

Model”), or alternatively, the test modes may be expanded to match the original analytical

model. The description of model manipulation techniques is beyond the scope of this the-

sis. If the cross-orthogonality matrix is available, then all that is needed to compute the

covariance matrix, , which constitutes an uncertainty database, are the analysis and

test frequencies (  and ). For the purpose of the uncertainty analysis in this document,

we will use the databases compiled by Hasselman in [Hasselman & Chrostowski, 1991]

and described in the next subsection.

Description of Hasselman’s databases (see also appendix B)

The objective of this thesis is to evaluate the amount of uncertainty involved in the perfor-

mance predictions for large high-precision controlled structures. Assessment of the perfor-

mance uncertainty of these structures will be based on past experience. To do so, it is

important to have an uncertainty database, , that reflects the amount of modeling error

usually involved with these type of space systems. In other words, the database must have

been obtained for structures “generically similar” to the one been evaluated. It is also

important that for a particular design phase, the database reflects the uncertainty involved

with the appropriate model generation. For example, early preliminary design phase corre-

sponds to unupdated low fidelity models (usually stick models with tabulated property

values), and flight testing or operations should correspond to updated high fidelity models.

Data has been compiled for several “similar” space structures and corresponding data-

bases have been extracted [Hasselman & Chrostowski, 1991]. The data came from various

military, governmental and commercial sources and corresponds to different generations

of models. Two separate structural databases have been proposed: one for large truss-type

space structures (LSS); and one for conventional space structures (CSS). The data for the

Λ̃ Φ̃
M̃

Σp̂p̂

Λ̃ Λ

Σp̂p̂



68 MASS, STIFFNESS AND DAMPING UNCERTAINTY

CSS database is segregated into pre-test models (CSS-I), which have not had the benefit of

experimental verification, and post-test models (CSS-II), which have been updated to

match test data as closely as possible. The models in the LSS database are considered to be

neither pre-test nor post-test models. They are not pre-test models in the strict sense

because all of them have been adjusted to some extent to resolve differences between the

pre-test models and test data. However, the models were not “fine-tuned” as required on

models of flight hardware. The models are therefore not considered post-test models in the

sense as those of CSS. Hence, the LSS models are referred to as “research models” for the

purpose of this text. Also, a combined database (COMB) was proposed by combining all

of the compiled structures. For the rest of this document, we will refer to these four data-

bases as Hasselman’s databases.

Research Models of Large Space Structures (LSS):

LSS refers to large truss-type space structures currently being used for research purposes.

Compared to the CSS structures, these structures tend to have relatively low non-structural

mass. For example, JPL Micro-Precision Instrument (MPI) testbed would fit into this cat-

egory. The seven structures from which the data sets were obtained to compile the data-

base are listed in Table B.1. Since only four modes of data were available for the third

structure (LSS 3), it was omitted, leaving only 6 structures for the computation of the

covariance matrix, , presented in Appendix B.1.

Pre-test and Post-test Models of the Conventional Space Structures (CSS):

A conventional space structure is defined as a stiff bus with flexible appendages stowed in

the launch configuration. As designers minimize their structural weight to maximize pay-

load, these structures tend to have a large proportion of non-structural mass, especially

when compared to the LSS structures. The eleven structures used to compiled the CSS

database are listed in Table B.2. We can see from the table that data sets for pre-test and

post-test models were available. Therefore, two generic categories were created. For some

cases, both pre-test and post-test models were available, and for other cases, either cate-
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gory of models were available, but not both. A combination of seven structures were used

for the computation of the pre-test database (CSS-I) reproduced in Appendix B.2.1, and

eight for the post-test database (CSS-II) shown in Appendix B.2.2. One would expect the

covariance matrix of modeling error to be smaller for post-test models. Although, looking

at the databases in Appendix B.2.1 and Appendix B.2.2, it is not immediately apparent

that this is the case. The individual standard deviations appear to be roughly equivalent.

However, they are not as discussed in the following comparison subsection.

Combined Database (COMB):

The five mode covariance matrix for the combined LSS, and CSS pretest and posttest

models is reproduced in Appendix B.3. Again, no significant differences are immediately

apparent between the combined database and the three separate databases. 

Database Comparison

As stated earlier, in order to assess the uncertainty of the performance predictions of a sys-

tem, it is important to use a database obtained from a set of structures of the same generic

category. Although, these categories can have a rather broad definition as they are largely

dictated by the availability of data. 

For evaluating the uncertainty of the model predictions, a database obtained from unup-

dated (pretest) models should be used during the preliminary design phase, while a data-

base obtained from updated models should be used as the model of the system is refined

and as the modeling errors are expected to become smaller. Hence, for the latter, one

would expect the covariance matrix to reflect the smaller uncertainty of the modeling

errors. As we mentioned before, by looking at the database matrices listed in Appendix B,

it is not very obvious that it is the case. Although, the difference becomes more apparent

when comparing the eigenvalues of these covariance matrices which provide a measure of

their uncertainty. In fact, taking the trace of a covariance matrix or alternatively the sum of
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its eigenvalues, provides a scalar measure of uncertainty which in turn can be used to com-

pare the relative degrees of uncertainty represented by different databases.

Table B.3 compares the singular values of the four covariance matrices obtained by singu-

lar value decomposition (SVD). We can see from the table that the pretest models reflect

the largest uncertainty, while posttest models reflect the smallest uncertainty which is con-

sistent with our intuition. Furthermore, the uncertainty of the LSS database, involving par-

tially updated models, lies between the two extremes, while the combined database

reflects an average of the three. Notice that the uncertainty of the pretest CSS models is

approximately twice that of the posttest models, while that of the combined database is

slightly less than that of the LSS models.

We notice all four covariance matrices are singular. This is due to the fact that their rank,

which is governed by the number of structures in the database, is less than the dimension

of the matrices. The covariance matrices are of dimension 30 x 30, where basically 30 cor-

responds to the 15 upper triangular mass matrix elements and the 15 upper triangular stiff-

ness matrix elements of a five modes model.

Limitations of the database

The database uncertainty propagation method uses past experience to provide us with a

realistic way to quantify the amount of uncertainty on the FRF and the performance RMS

from an analytical model before any structural testing has been done. Once testing data is

available, the model can be updated and then one can still use the uncertainty propagation

method with a database for updated structural models to obtain the uncertainty on the out-

puts that reflects the variability in the structure due to testing conditions, assembly/reas-

sembly, and shipset variability.

One of the problem with the databases is that, often, few structures are available to gener-

ate a statistically valid generic database. Also, the only data one has available to generate a

database could be from very disparate set of structures breaking the generic structures

assumption. As we discussed earlier, the more similar (with respect to geometry, modal
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frequency range, modal density) the structures in the database are to the current analytical

model, the more confidence one will have in the uncertainty propagation results. Also, the

method offers no guarantees on the modeling ability of the designer, implying that the

actual error on the performance predictions might be worse, for a poor model, than the

range of uncertainty one would usually expect from models in the same class of generic

structures.

One other major problem we might encounter is to be faced with a database that contains

less modes than the structure for which we are trying to evaluate the uncertainty. For

example, the databases from [Hasselman & Chrostowski, 1991], presented in the above

subsection, contain the information for only five modes. However it would be easy to use

either the posttest CSS database (which has five structures with nine or more modes), or a

combination of the posttest CSS and LSS databases (see Table B.1 and Table B.2), which

would give us eight structures with nine modes of uncertainty data, to construct a larger

database containing nine modes. Also, it is worth mentioning that a beta version of UAI/

NASTRAN software Version 20.2 is now available with a predictive accuracy capability

that uses a more complete version of Hasselman’s databases containing up to nine modes.

This is a slight improvement over the current five-mode database, but seems of marginal

importance when we are faced with large models containing tens to hundreds of modes.

Expansion of the database

For large space structures such as SIM and NGST that contain many modes (much more

than the five available in Hasselman’s databases) it would probably be more appropriate

to construct a new dedicated database from more recent and more generically similar

structures (e.g., HST, Chandra X-ray Observatory, or SRTM). The problem is that the

necessary data might be scarce or unavailable. Using the LSS, or the CSS databases,

despite their too few modes, seems at least to be a reasonable option. One can think of

ways to get around the problem of having too few modes in the database: 

1) by expanding the database by extrapolation, or 
2) by reducing the model by selecting only a few “significant” modes.
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Database Expansion by Extrapolation

The idea of significantly augmenting the size of the available databases by somehow

extrapolating values for extra rows and columns of the covariance matrices  seems

very appealing. However, further research would have to be conducted to determine how

to properly extrapolate these databases and to verify the validity of such method. The der-

ivation of such extrapolation techniques is beyond the scope of this work.

Model Reduction by Selection

The selection of “significant” modes will be explained in greater detail in Chapter 7 where

one of Hasselman’s databases will be used to perform the uncertainty analysis of the SIM

classic model. The idea is to use the fact that it is possible, by looking at the cumulative

RMS plot of a system, to identify which of the modes are contributing the most to the total

performance RMS [Gutierrez, 1999]. It turns out that, for most systems, even for very

large ones, the contributions of only a few modes account for most of the total RMS. For

example, a typical structure with 35 modes might have only three modes (not necessary

those lowest in frequency, say modes number 8, 12 and 15) contributing to 98% of the

total RMS. Also, in general those few “significant” modes are also the most sensitive ones

[Gutierrez, 1999], implying that small parameter changes on these modes would create

large variations in the RMS outputs. Therefore, we can argue that since the significant

modes are the ones that contribute the most to the RMS and that they are also the most

sensitive to parameter uncertainty, it is a valid approximation to propagate the uncertain-

ties to the modal parameters of these selected modes only, in order to estimate the uncer-

tainty on the total performance RMS. Doing so reduces greatly the amount of

computations involved without losing much of the accuracy. However, one could argue

against propagating the modal uncertainties of the database to parameters in the structures

corresponding to different mode numbers (e.g.: mode 1 of the database to mode 8 of the

model of our “typical” structure, mode 2 to mode 12, and mode 3 to mode 15).
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Another equivalent method would be to approximate the system by a reduced model con-

taining only the significant modes, and then perform the uncertainty analysis on the

reduced model. This way of looking at the problem would dissipate the reservation men-

tioned about the first method since in this case, for our imaginary structure, the modes

originally numbered 8, 12 and 15 would effectively become the first, second and third

modes corresponding to the same mode numbers in the database. 

Yet another way to obtain the same results from uncertainty propagation would be to aug-

ment the  matrix with rows and columns of zeros corresponding to the “non-signifi-

cant” modes. The interpretation in this method would be that since we assumed that the

uncertainty contributions of the non-significant modes are negligible, the uncertainty in

the associated parameters can also be neglected.

3.2  Damping Estimation and Uncertainty

In this section, we will discuss how damping uncertainty plays a role in the uncertainty

analysis problem. We will first go through some background in damping modeling and

discuss why it is such a hard problem (Section 3.2.1). Then, we will explain how to model

damping uncertainty (Section 3.2.3), and how to obtain a modal damping uncertainty

database (Section 3.2.4).

3.2.1  Damping Modeling Problem

Current and future large space-based optical systems require state of the art precision

structural designs in order to meet the very stringent pointing requirements. The necessary

vibration suppression may be achieved through passive or active means, or a combined

passive/active control approach. The enhanced damping is necessary to prevent excessive

slew/settle times, unacceptable jitter levels, and harmful controls/structures interactions.

Determination of structural damping is a difficult problem [Barlow, 1992]. Historically,

the inherent damping characteristics of actual built-up structures have been and still are

Σp̂p̂
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poorly understood and hence not particularly amenable to rational analysis. Although

recent studies have improved our ability to model damping for certain types of structures,

there are no general tools available for modeling damping as there are for modeling mass

and stiffness. Finite element modeling can be used to determine natural frequencies, but

modal testing is usually needed to provide the damping estimates necessary to predict the

realistic response from finite element codes. For further discussion on this topic, see

Ewins’ work on structural identification [Eldred, Lerner & Anderson, 1992]. 

When no experimental data is available, for example during a preliminary design phase,

we are reduced to estimating the modal damping values. The current practice is to adopt

overly conservative assumptions and to assign very small damping values to these sys-

tems. For instance, values as low as 0.1 percent modal damping are sometimes assumed in

early design stage. Such conservative estimates are unacceptable for performance assess-

ment of future spacecraft systems.

Challenges with damping modeling

Sensitivity analysis of the deterministic equations of motion reveals that damping parame-

ters are extremely important to the performance of precision controlled structures [Simo-

nian, 1987]. Furthermore, flexible and actively controlled space structures impose

additional requirements for both the precision and nature of ground vibration testing, such

as developing an estimate of the on-orbit structural damping [Barlow, 1992], [Bourgault

& Ubelhart, 1999]. This is especially true in actively controlled structures where the level

of passive structural damping directly influences both the robustness and achievable

authority of the active controller [Haftka & Adelman, 1986]. Since these factors influence

vehicle performance, preflight knowledge of the structural damping becomes a necessity. 

The difficulty of testing the next generation of large flexible space structures on the

ground places an emphasis on developing innovative means of validating the predicted

dynamic behavior. In some cases, the large size of the structure prohibits testing the full

scale spacecraft. In other cases, the gravity-induced loads and deflections are excessive.
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The prediction, and even measurement, of damping in such large built-up structures is

especially challenging. Although several systematic approaches to damping prediction

have been proposed, none has yet been completely verified [Crawley & O’Donnell, 1987]. 

Background (Modeling techniques)

Some progress has been made in recent years in analytically synthesizing highly damped

structures with viscoelastic materials ([Gehling,1987], [Johnson & Kienholz, 1982], [Gil-

heany, 1989], [Johnson, 1985]). In addition, emerging technology for damping synthesis

can be found in literature describing the experimental design of large space structures

[Hasselman, 1972]. However, for the most part, damping is still estimated from empirical

data. Table 3.1 presents a sample reference on damping modeling and design techniques.

It is commonly acknowledged that damping must be included in the design as assuming

very low modal damping values is too conservative and is not acceptable on high perfor-

mance structures.

Current and future large space-based optical systems require state of the art precision

structural designs in order to meet the very stringent pointing requirements. The necessary

vibration suppression may be achieved through passive or active means or through com-

bined passive/active control approach. Enhanced damping is often necessary to prevent

excessive slew/settle times, unacceptable jitter levels, and harmful controls/structures

interactions. Table 3.1 gives a description of different damping enhancement devices. 

3.2.2  Sources of Damping Uncertainty

Modal damping represents the energy dissipation per cycle in a particular mode, assuming

that the mode vibrates independently of the other structural modes. The modal damping

ratio, , is proportional to the ratio of modal dissipative energy, , to modal kinetic

energy, , which is constant in the case of linear viscous damping.

(3.53)
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In general, the ratio of dissipative to kinetic energy is not constant, but depends on other

factors including vibration amplitude, frequency and temperature. Nevertheless, in the

absence of more accurate models, the equivalent linear viscous damping model is com-

monly accepted with the understanding that the parameters of that model must be deter-

mined experimentally and often with a large degree of uncertainty. Table 3.2 list different

sources of damping uncertainty.

3.2.3  Damping Uncertainty Estimation

Since a combination of passive and active damping measures will necessarily be imple-

mented on any future space telescope and will improve the damping by multiple orders of

magnitudes, it necessary that these measures be reflected in the model when propagating

the damping uncertainty. Otherwise, the variance on the performance predictions of

damping uncertainty would be insignificant in comparison to the huge modeling error

induced by omitting damping enhancement techniques.

Since we made the proportional damping assumption (Chapter 2), all modes of the system

are considered decoupled (diagonal modal damping matrix). Stated differently, each mode

vibrates independently of the other structural modes and has its own damping ratio. On a

TABLE 3.1   Damping Enhancement Devices

damping devices description reference
Constrained layer 
damping technique 

Significantly increases the initial amount 
of damping by replacing some of the struts 
of a truss structure with members having a 
constrained layer of viscoelastic material. 

[Slater, 1991], 
[Haftka & Adel-
man, 1986], [Lim 
& Giesy, 2000]

Shunted piezoelec-
tric materials 

Passive damping [Gutierrez, Bour-
gault & Miller, 
1999] and [Hagood, 
1989]

Semi-active ele-
ments 

Combine active and passive isolation (e.g. 
Honeywell "D-strut" for Hubble Space 
Telescope Reaction Wheel Assembly iso-
lation),

[Crawley & 
O’Donnell, 1987]
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real structure, this is not necessarily the case, and the damping matrix is in general fully

populated. This, in addition to the fact that the modal damping ratios, which represent the

energy dissipation capacity, are amplitude, frequency and temperature dependent, par-

tially accounts for the large degree of the uncertainty in damping.

In the previous subsection, we have seen that although there have been improvements in

the ability to model structural damping, it remains a challenging task. General tools for

modeling damping are not yet available. Thus, damping ratios must be estimated from

experimental measurements. If no measurements are available, the modal damping ratios

must be estimated based on past experience. Therefore, the rationale for quantifying the

TABLE 3.2   Sources of damping uncertainty in damping estimate

Sources of Damping Uncertainty References
Fast Fourier Transform approximations due to leakage,
resolution, bias and variance errors (FFTs typically over-
estimate damping ratio).

[Pandit, 1989]

Nonlinearities in the system introduce dependence on
forcing amplitude (e.g. joint deadband).

[Wada, 1988], [Ing-
ham, 1998]

Non-structural sources which are absent in the space
environment (e.g. gravity effects, air damping, wiring
harnesses).

[Ingham, 1998], 
[Barlow, 1992]

Linear viscous damping approximation:

•  The ratio of dissipative to kinetic energy is
not really constant, but depends on other
factors including amplitude, frequency and
temperature. 

• Despite the fact that the off-diagonal ele-
ments of the transformed damping matrix
are generally of the same order of magni-
tude as the diagonal elements, they are typi-
cally neglected. The diagonal elements are
expressed in terms of critical damping ratio
consistent with the assumption that the
equations of motion are uncoupled in modal
coordinates. This assumption is valid for
lightly damped, well separated modes. 

[Hasselman, 1976]
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uncertainty based on the variability between the analytical and test model parameters over

a family of similar structures is not valid for the damping. Instead, we will define the

damping uncertainty in terms of the variability of the experimental modal damping esti-

mates. In this case, we can think of several ways to obtain a measure of the damping

uncertainty depending on the availability of the data and the current generation (maturity)

of our structural model. We present here three different methods of building a damping

database, (later referred to as databases of type 1, 2, and 3) which correspond to an

increasing need for accuracy in the uncertainty predictions:

1. If the available statistical data is rare, and/or the model is in an early stage,

insofar as we do not have a good feel for the damping values, we could sta-

tistically analyze the experimental values of the damping ratios obtained for

one particular structure. The single global mean, , and the variance, ,

obtained for the ensemble of damping ratios could be used as a first cut esti-

mate for all the nominal damping ratios ( ), and their variability

( ). The same type of database could also be obtained from the sta-

tistical analysis of the experimental damping values from more that one

structure at the time. The advantages of this method are that it is very cost-

efficient to perform and it provides us with both an estimate for the uncer-

tainty and the nominal parameter values. Alternatively, we could decide to

arbitrarily set the nominal values at more conservative levels. The high level

of uncertainty of our estimates is captured by the large value of , which

comes from the high variability of the experimental damping values from

mode to mode.

2. If more data is available, and we want to increase the accuracy of our uncer-

tainty predictions, we could perform the statistical analysis for each mode

from the data of multiple structures. This way, multiple modal mean values

 and variances  are obtained. While providing us

with estimates of the nominal parameters ( ) and their uncertainty

( ), this method also reveals the fact that the modal damping ratios,

µ σ2

ζ̃ r µ=

σζ r

2 σ2=

σ

µ1 … µn, ,[ ] σ1
2 … σn

2, ,[ ]
ζ̃ r µr=

σζ r

2 σr
2=
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and their variability, are different for each mode. In this way, the estimates

are more accurate as they reflect the acknowledged fact of the modal depen-

dence of the damping values. Here too, rather than using the mean values

provided by the statistical analysis, we could decide to use our own arbitrary

modal damping ratio estimates, yet still use the variances from the statistical

analysis to estimate their uncertainty.

3. If our damping model is very accurate (for example, if it is updated from

experimental measurements), then we can assume that the damping errors

depend only on the variability of the environmental factors affecting the

damping (noises, perturbations, temperature). In this case, in order to have a

more accurate estimate of the uncertainty, we could statistically compute the

variance and mean values of each modal damping ratios from multiple mea-

surements of the same structure taken on different days. In so doing, we

would have a fairly accurate model of the uncertainty (and the nominal value

of the damping ratios). To get an uncertainty model for shipset variability,

the same procedure could be implemented where the multiple measurements

would come from different representatives of the same type of structure. 

Other variations of the same methodology could be appropriate as well.

Methodology

For the purpose of this work, we will assume the modal damping ratios to have lognormal

distributions. This assumption is based on the results presented in [Simonian, 1987]. Log-

normal distributions are not symmetric (see Figure A.3), but it is possible to transform

them into Gaussian distributions -- a rather useful characteristic. Linear systems have the

property of preserving “Gaussianness” (or normality) [Gelb & al., 1974]. To use this prop-

erty for the uncertainty propagation of the damping, the first step will be to transform the

damping ratio distributions from the logarithmic space ( ) to the gaussian space ( )

(3.54)

ζ r γr

ζ r γr→ lnζ r=



80 MASS, STIFFNESS AND DAMPING UNCERTAINTY

where  is the modal damping ratio as defined in Chapter 2, and  is the transformed

modal damping ratio. The reciprocal of equation (3.54) is given by

(3.55)

This means that the modal damping matrix, , as defined in equation (2.19), becomes

(3.56)

where even though the matrices  and  are equal, we will use through out this docu-

ment the notation  to distinguish the transformed matrix . The Gaussian PDF is

obtained from the lognormal PDF as follows 

(3.57)

where the Jacobian of the transformation is given by

(3.58)

Using the lognormal distribution as defined in equation (A.44) and replacing in (3.57)

yields the normal distribution

(3.59)

where the mean and variance of the gaussian distribution correspond to the parameters 

and  of the lognormal

ζ r γr
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(3.60)

and where  and  are obtained from the statistical analysis of the modal damping ratio

 from equation (A.45)

(3.61)

where  is the covariance and is given by

(3.62)

Therefore, once we have  and  for each mode from statistical analysis of the data

(using one of the three above) the gaussian distribution parameters for each mode (  and

) are very easy to obtain using equations (3.60) and (3.61).

Linear Perturbation Analysis

We will relate the analytical transformed modal damping parameters to the parameters of

the actual structure as follows

(3.63)

or in matrix notation

(3.64)

where, due to our assumption of proportional damping, the parameters are decoupled, and

the matrices  and  are diagonal. They contain, respectively, the actual transformed

modal damping ratios  and the nominal transformed damping ratios . The matrix 

is the difference between the actual and the nominal transformed modal damping ratio

matrices ( ).
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Statistical Analysis

At this point, we vectorize the matrix  as follows

(3.65)

where  corresponds to the number of modes in the system. Just like we did for the modal

mass and stiffness parameters (Eq. 3.50), we can define a covariance matrix for the trans-

formed modal damping ratios, , as follows

(3.66)

which is a diagonal matrix since, based on our assumption that all damping parameters are

independent. The diagonal elements correspond to the variance of every transformed

modal damping parameter. Therefore,  can be constructed directly from the trans-

formed variances obtained after the statistical analysis (Eq. 3.60)

(3.67)

We extend our definition of the uncertain modal parameters, as defined in equation (3.49),

by appending to the normalized vector of modeling errors , the vector of transformed

modal damping parameters errors , as follows:

(3.68)

where, for a system with  modes, the length of  becomes equal to

( ). The augmented covariance matrix is given by

Γ∆
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Σγγ
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(3.69)

which is block diagonal since the damping uncertainty is estimated independently from

the mass and stiffness uncertainty.

3.2.4  Database

To fulfill the objective of determining jitter amplitude uncertainty for spaceborne tele-

scopes, it is critical to evaluate the damping uncertainty, as it has great impact on the over-

all performance of the system. Damping being hard to model, one must look at past

experience data for similar types of structures to determine its statistical characteristics. In

the previous subsection, we described three different approaches to obtain a damping data-

base. All these approaches were based on statistical analysis of measured damping data.

For the purpose of this research we will use the damping measurement data compiled by

Simonian [Simonian, 1987]. After describing Simonian’s damping compilation, we will

give an example of how to generate a database of Type 1.

Description of Simonian’s damping compilation

Simonian has gathered and compiled measured damping values for a multitude of space-

craft structures. His results include published data from on-orbit damping measurements

and results from ground modal testing of spacecraft. Since damping is amplitude depen-

dent, satellite data measured at higher vibration amplitudes were removed from the sur-

vey. The damping data compiled is comprised of results taken from 23 different spacecraft

(Table C.1) with a total of 290 sample measurements spanning the frequency range from

0.15 through 195 Hz.

The results of the statistical analysis are summarized in Table C.2. This analysis was per-

formed for various combinations of the data, grouped by frequency bandwidth (identified

Σp̂p̂ E p̂ p̂T∆∆[ ]
Σmm Σ

mk̂
0

Σ
k̂m

Σ
k̂ k̂

0

0 0 Σγγ
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by letter A through G in the table). For each group of data analyzed, a histogram was con-

structed, and the probability density functions (PDF) were obtained by fitting the data.

The most interesting result of the study is perhaps the fact that, for each frequency group,

it appears that the disturbances at the damping ratios  fit well to a lognormal probability

density function (PDF). The parameters for this type of fitted PDF are presented in

Table C.2. It is also very interesting to note that measured building damping factors also

fit well with these types of PDF ([Hasselman, 2000], [Hasselman & Simonian, 1980]).

The fact that the damping ratios for structures from very different fields (buildings vs.

light spacecraft) have the same kind of distribution supports the validity of the approach.

Generation of the database

In this subsection, we give an example of how to generate a damping uncertainty database

using Simonian’s statistical data. The database generated will be of Type 1, as described in

Section 3.2.3. This exercise will be particularly useful for the application in Chapter 7

where we will perform the uncertainty analysis on the old SIM Classic model which,

though quite detailed, constitutes an early stage model for which it is fair to say that its

damping model is very uncertain. To match the number of modes contained in Hassel-

man’s database (see Section 3.1.2), we will built a five mode damping database. 

Database of Type 1:

 In this case, we use the broadband (group A) statistical data from the Simonian’s compi-

lation (Table C.2). From the table, we get the lognormal parameter  which,

using the identity, translates to a variance in the Gaussian-space of .

Hence, in this case, the covariance matrix is constant for all the modal damping ratios.

(3.70)
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It should be noted that the  values used to construct the tables in Appendix C are in per-

cent (%). It has been shown experimentally that the amount of damping varies for each

mode [Eldred, Lerner & Anderson, 1992], actual damping measurements on various

spacecraft have given values between 0.02 and 0.005.

Database of Type 1 (variant):

In this variant of the Type 1 method, in an attempt to increase the accuracy of the uncer-

tainty analysis, we want the covariance matrix to reflect the modal dependency of the

damping uncertainty. With this in mind, we assume that the first five modes of the SIM

model are spread such that each of them is included in the frequency range of a different

group. Hence, we have associated the mode numbers 1 to 5 to the frequency bins B to F in

Table C.2. The pertinent data, extracted from Table C.2, are reproduced here in Table 3.3.

Using the data from Table 3.3 we construct the damping covariance matrix as follows

TABLE 3.3   Extracted Damping Statistics

Frequency 
Interval

(Hz
B: 0.14 - 9.99 0.379 0.725

C: 10.00 - 19.99 -0.218 0.560

D: 20.00 - 29.99 -0.0475 0.653

E: 30.00 - 39.99 -0.108 0.623

F: 40.00 - 49.99 0.0755 0.572

Gaussian 
Parameters

ζ

c d

µγr
σγr
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(3.71)

This is the covariance matrix that we will use to demonstrate the methodology of the

uncertainty analysis in Chapter 7.

Although the nominal values for the ’s have already been set up in the SIM model, we

could also use the data from the table to obtain an estimate of the nominal transformed

damping ratios by setting the nominal values equal to the mean ( ). 

We would like to remark at this point that because of the way the data was analyzed in

Simonian’s compilation, the above transformed modal damping database (Eq. 3.71) repre-

sents more of a frequency dependent damping uncertainty than one that is dependent on

the modal number. Indeed, for each frequency bin in Table C.2, the statistical parameters

presented were computed over a range of disparate modes. This is due to the fact that dif-

ferent structures have different modal frequency spacing. Hence, in the frequency range

responding to group B, (Table C.2) for example, it is possible that many modes of a partic-

ular structure are included in the bandwidth; for another structure, the first mode could be

at a higher frequency than the range and not even be included; while a few of the interme-

diate modes of yet another structure could be in the middle of the range, and so on. There-

fore, it is the author’s belief that in order to remove the frequency dependence from the

uncertainty database, and better represent the modal dependence of the uncertainty, future

damping uncertainty data analysis should be performed by evaluating the statistical

parameters either for a single mode at a time or by grouping the data using modal bins

rather than frequency bins. Such an analysis would correspond to a Type 2 method.

Σγγ
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3.3   Summary

In this chapter, we have presented methodologies for computing uncertainties for the

modal mass, stiffness and transformed damping. Modal mass and stiffness uncertainties

for a structural model are expressed as a function of the error in the eigenvalue and mode

shape predictions (cross-orthogonality). The methodology for obtaining modal mass and

stiffness uncertainties is based on linear perturbation analysis of the eigen-problem. A

database consisting of a covariance matrix of the normalized modal parameters (m and k),

constructed from statistical analysis of families of structure/model pairs was presented

[Hasselman & Chrostowski, 1991]. The main limitations of the database are the limited

sources of data available for statistical validity, and the limited number of modes docu-

mented for each sampled structure. Damping uncertainty for a structural model is defined

in terms of the variability in experimental modal damping estimates. A methodology for

obtaining damping uncertainties was outlined, assuming lognormal distributions for the

modal damping data. The damping parameters were transformed from the lorgnormal

space to the Gaussian space, in order to propagate their corresponding uncertainties. Three

methods for generating damping uncertainty database were introduced, corresponding to

different levels of accuracy (from model generation) in the uncertainty predictions. 
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